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Analysis of Velocity Measurements about a
Hemisphere-Cylinder Using a Laser Velocimeter

Tsuying Hsieh*
ARO Inc., Arnold Engineering Development Center, Arnold Air Force Station, Tenn.

For velocity measurements using a laser velocimeter, the primary concern is particle lag. The influence of
particle size, particle density, and model dimensions about a hemisphere-cylinder in the Mach number range
from 0.85 to 1.3 is investigated. It is found that particle lag can be reduced by decreasing the size and density of
tracer particles or by increasing the relative model dimensions. Hence, model-scale effect generally is presented
in data measured by a laser velocimeter. The concept of using an effective particle to represent the spectrum of
tracer particles in a flow environment has been evaluated and found to be useful. When the particle lag is taken
into account, the theoretical velocity field for a hemisphere-cylinder agrees well with experimental data.

Nomenclature
CD = drag cpefficient

•"/• « factor for drag coefficient, Eq.(2b)
<? = ratio of p^ and p oo
Kp = particleJCnudsen number, X/2/y

JL = model characteristic length
M = flow Mach number
Mp = particle Mach number, \w-wp\M/\Tf
R > radius of hemisphere-cylinder
RL = model Reynolds number, 2LU(n/v
Rep.''=*particle Reynolds number, Eq. (2c)
rp = particle radius
T - temperature of the gas, nondimensionalized by TOO
TO, = freestream temperature
/ = time, nondimensionalized by £/l/oo
U,V = axial and radial velocity components, respectively,

nondimensionalized by l/oo
w = velocity vector, nondimensionalized by U&
(/oo == freestream velocity
Y,Z-. = radial and axial coordinates, nondimensionalized by

• - ' • ' • • • • L • ' ' : /•" '
a -ratio of rp and L
X = mean free path of the gas
v = kinematic viscosity of the gas
p = density of the gas, nondimensionalized by POO
pp = particle density, nondimensionalized by p oo
poo = freestream density
Subscripts
p = particle
5 =shock
oo = freestream

Introduction

T HE use of laser velocimeters (LV) for velocity
measurements in fundamental or engineering

investigations of flow problems is increasing. Since the LV
measures the velocity of tracer particles entrained in the fluid
medium rather than the velocity of the fluid itself, there is
primary concern about how well the particle follows the true
fluid velocity (so-called particle lag). For wind-tunnel ap-
plications, particularly in the presence of a shock, particle lag
can be a serious problem. Many investigators1'3 have made
calculations of the motion of a small particle in a flowfield for
the purpose of analyzing data obtained by LV; howeVer, such

theoretical computations always are impaired by unknown
particle properties, such as size and density. A direct deter-
mination of particle properties for an unseeded wind tunnel is
difficult, if not impossible, and seeding with sufficiently small
particles for a large wind-tunnel application is impractical.
Therefore, a means of representing the tracer particles is
desired to understand the LV data better. First, this paper
presents an analysis for the mean motion of a small particle in
a given flowfield by emphasizing the important parameters
that govern the particle motion and the significance of these
parameters in relation to the data. Second, in order to
represent the spectrum of tracer particles contained in a flow
environment such as a wind tunnel, the concept of an effective
particle size and density is investigated. Experimental LV
measurements and theoretical velocity field computations
have been made for flow past a hemisphere-cylinder in the low
supersonic and transonic Mach number range. The analysis
presented also can serve as a guide to indicate the kind of
particles that are needed in the flow medium for a specified
tolerance of particle lag.

Analysis
For LV application, the nondimensiohal equation of

motion for a particle traveling in the gas flowfield is given by4
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It is seen that particle motion is characterized by three
parameters: the ratio of particle radius to a characteristic
length a, the ratio of particle density to the freestream gas
density G and the drag coefficient of the particle CD. The
significance of a and G in LV applications may be described
as follows.

The Ratio a
The value of a. cari be varied in two ways: by varying rp

while holding L constant, or by varying L while holding rp
constant. The former approach (varying rp) has been used by
many investigators1'3 in LV applications to indicate the effect
of particle size. However, the effect of varying L rarely has
been mentioned. If the size distribution of tracer particles for
given flow environment is constant, different particle
velocities would be expected for different-sized models.
Similarly, different measured results would be expected for
the same model tested with different sizes of tracer particles.
This is the so-called scale effect (discussed later). It is well
known that particle lag can be reduced by using smaller
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particles. Since there is a limit to the reduction of particle size
that can be provided in the flow medium, the alternate way to
achieve the same goal would be to increase the model size.

The Ratio G
The ratio G indicates the importance of particle inertia. The

larger the G value is, the greater will be the particle lag when
subject to a velocity gradient of the fluid medium. Therefore,
it is desirable to have tracer particles with a low G value.

The drag coefficient CD also plays an important role in Eq.
(1). In general, CD depends on the particle Reynolds number,
Mach number, and Knudsen number, if the particle becomes
sufficiently small (2rp ^0.1 /*, say). The dependence of CD on
Rep and Mp for spheres has been studied, 5>6 and a convenient,
functional form for CD in terms of Kp in the Stokes flow
regime has been reported. 7 In the present study, however, the
flow region for the spherical particle is within the continuum
region (Kp * 0.05 « 1), and Mp value always is less than 0.4;
thus, the dependence of CD on Mp and Kp can be neglected. 5'7
Also, in the present study /te^lOO; thus, the following
expression for CD accurately represents the experimental data
for spheres.8

CD=(24/Rep)f(Rep) (2a)

f=l +0.197 Rep°63 + 2.6xlO-4Re0
138 (2b)

-wp\ (2c)

The calculation of inviscid flow over a hemisphere-cylinder
in the low supersonic and transonic Mach number range has
been reported.9 Two techniques were used in the calculation
for Moo>l: 1) a time-dependent solution to the Euler
equations with shock fitting, and 2) a relaxation solution to
the full potential equation with smeared shock.10 Method 2
also can compute for M » < 1 . Therefore, the gas velocity field
for a hemisphere-cylinder9 is used in this study for A/*,
= 0.85, 1.1, 1.2, and 1.3. The coupled equations for particle
motion over a hemisphere-cylinder can be written as follows:

(3a)

dt

dt

dt RL

<3b)

(3c)

(3d)

where

fu=f\U-Up\/\w-wp\

fv=f\V-Vp\/lw-wp\

Iw- "V,! = K*/- Up) 2 + ( V- Vp) 2] Vl

To specify the initial conditions, it is assumed that the
particle velocity is in equilibrium with the freestream gas
velocity up to the shock point in method 1 and is not affected
by the presence of a shock. Then,

ZP = Z5 YP=YS Up = l Vp = 0 (t^O) (4a)

For method 2, the initial condition is set at Z/R = -4, or

The particle trajectory and velocity components can be
computed by integrating Eqs. (3) and (4). A fourth-order
Runge-Kutta method is used in the integration. (The computer
program is available upon request.)

Experiments
LV measurements of axial and radial velocity components

for flow past a hemisphere-cylinder were performed in the
Arnold Engineering Development Center (AEDC)
aerodynamic wind tunnel (IT) at M^ = 1.3,1.2,1.1, and 0.85.
The wind tunnel is a continuous-flow, nonreturn type. The
hemisphere-cylinder was 2.54 cm diam and 25.4 cm long and
was sting-mounted. The LV used for the measurements is a
two-component, dual-scatter, firagg cell type of system
operating in the on-axis backscatter collection mode with a
1.5-W argon ion laser. The system is capable of measuring
velocity in the range from -152 to 490 m/sec for the axial
component and =fc 122 m/sec for the radial component; The
entire optical system is mounted on a three-axis translating
mechanism, with a position resolution accuracy of ±0.0025
cm in all three directions. The scattering source (or tracer
particle) is the natural aerosol particles entrained in the flow
medium. In order to obtain a sound statistical sahiple, about
1000 samples were taken in each measurement. Details of the
experimental facilities and LV system can be found in Refs. 1
and 2 and references therein.

Results and Discussion

Analytical Study of Influence of Tracer Particle and Model Scale
the influence of tracer particles may be investigated

analytically by varying pp and rpr and the influence of model
scale may be investigated by varying L(=/?). Oil drops,
water drops, and dust with density varying from 0.4 to 2.4
g/cm3 are most likely to be entrained in Common flow en-
vironment. To study the influence of pp, rp, and R, a typical
particle of pg>= 0.8 g/cm3 and rp = 5.2.p is used as a reference
particle, and a hemisphere-cylinder of £=/?5=1.27 cm is used
as a reference model size/The computed particle velocity
along the axis between the bow shock and the nosetip of the
hemisphere-cylinder is given for Mw^ 1.2 on Fig. 1. The
broken curve is the theoretical gas velocity obtained by
method I.9 Curve 1 represents the reference case; it is seen
that the particle lag is significant. The model size is varied
first. For curve 2, the size of the model is increased by 10
times, and significant reduction in particle lag is obtained.
Curve 2 also demonstrates the scale effect, as mentioned
earlier. For curve 3, the particle size is decreased by 5.2 times
from the reference particle, with other conditions kept
constant. It is interesting to notice that the particle lag is not
as great as that shown by curve'2. Finally, the particle density
alone is reduced by five times, as shown by curve 4. The
particle lag also is improved but is not as significant as in
curve 3. Thus, the influence of rp is more pronounced than pp
andL.

5.2
5.2
1.0
5.2

J
'"-——GAS

—— PARTICLE
/>p(gr/cc) R(cm)
0.80 1.27
0.80 12.70
0.80 127
0.16 127

-0.5 -1.0 -1.5
Z/R

Z=-4 Y=Y = 0 (t<0) (4b)
Fig. 1 Influence of rp, pp, and R on particle velocity along axis of
hemisphere-cylinder.
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Effective Particle Size for Experiment
In a flow environment, the size and density distribution of

tracer particles can be very broad, and they are difficult, if not
impossible, to measure. In each LV sampling, the velocity is
represented by statistical mean value of the sampled particles;
therefore, the individual particle behavior is not important,
but the collective, or representative, particle is of practical
meaning. Thus, an effective particle can be used to represent
the average tracer particles entrained in the flow medium.

In Fig. 2, the velocity along the axis of a hemisphere-
cylinder is shown for M00 = 1.1, 1.2, and 1.3. The solid and
chain curves are the theoretical gas velocity computed with
methods 1 and 2, respectively. Method 2 does not give a sharp
location of the shock, as expected; however, the agreement of
the two methods downstream of the shock is excellent. The
experimental data measured by LV (mean value of all s^m-
ples) also are plotted in Fig. 2. It is seen that the shock
location predicted by method 1 is indeed in good agreement
with the LV measurements. (The theory also agrees well with
shadowgraphs.9) The particle lag for the velocity field behind
the shock under investigation is shown by the difference
between the solid or chain curves and the experimental data.
Now, if the spectrum of tracer particles in the wind tunnel can
be represented by an effective particle, a set of pp and rp
values which would fit all three sets of data as shown in Fig.v 2
should be achievable. This idea proves to be valid, as shown in
Fig. 2 by the computed Up data for particles with pp = 0.8
g/cm3 and rp=1.37 pt (pp value is chosen first, and
rp is determined by trial and error), where dashed and double-
dot-chain curves correspond to Up as computed from U
obtained by methods 1 and 2, respectively. (Note that R = 1.27
cm throughout the rest of the paper.) Obviously, there can be
other combinations of pp and rp which will fit the same sets of
data. It has been found that pp = 0.4, rp = 2.0; pp = 1.2, rp =
1.07; and pp = 2A g/cm3, rp = Q.l p also can fit the data
well. Operation of the AEDC aerodynamic wind tunnel
results in steam being exhausted in the vicinity of the air
intake. Therefore, it is felt that p-0.8 g/cm3 is a reasonable
value to simulate the tracer particle density in this experiment;
hence, from this point on the effective particle is represented
by pp = 0.8 g/cm3 and rp = 1.37 /*.

Comparison of LV Data with Theory for a Hemisphere-Cylinder
A comparison of measured and computed particle velocity

is shown in Fig. 3 for M(X> = 1.2 at Y/R = 2, 3, and 4 in the
nose portion and along the radial direction at the juncture of
hemisphere and cylinder (Z/R = 1) for M*, = 1.1 and 1.2. The
purpose is threefold: first, to compare between methods 1 and
2; second, to compare between theory and experiment; and
third, to compare the experiment with the computed Up, Vp
for the effective particle. From Fig. 3, it is seen that the
comparison between methods 1 and 2 is generally good within
the shock layer. The data compare much better with the Up
and Vp as computed for the effective particle. This implies
that the difference between theoretical flow and experimental
particle velocity is due to particle lag. This is particularly clear

EXP.
U o
V o

U,V ——1
UP,M> -.-I

THEORY
——I EULER U,V ---

EOS Up.Vp—-JEQ.

-0.5 -1.0 -1.5 -2.0 -2.5
Z/R

Fig. 2 Comparison of LV data with theory along axis of hemisphere-
cylinder.

jyu

Y/R
12

Fig. 3 Comparison of U and V components of LV data with theory
at the nose portion of hemisphere-cylinder.

Fig. 4 Comparison of U and V
components of LV data with theory
for hemisphere-cylinder.

in the situation for the radial component near the hemisphere-
cylinder surface in Fig. 3, where the inviscid theory requires
K->0, whereas the particle dynamics with effective particle
predict correct vertical component. The comparison of axial
components near the surface is not satisfactory in Fig. 3,
perhaps because of the viscous effect. (For M«, = 1.1, the data
are consistently lower.)

Applications
For an unseeded flow environment, the procedure described

in this paper may be used as a means to obtain the effective
particle or as a means of tracer particle calibration. With the
help of effective particles, the particle lag can be evaluated
accurately. For example, the same effective particle is applied
to the case of flow past a hemisphere-cylinder at Mo, = 0.85
where no bow shock is present for Z/R ^0.4. (Flow separates
at Z/R = 0.7; hence, inviscid theory for gas velocity is not
valid in this case. However, inviscid solution is considered to
be valid for Z/R <0.4.n) As shown in Fig. 4, the agreement
between Up and Vp and the experimental data is excellent.

The present analysis can help the experimentalist to
determine what size and density of tracer particles are
required in order to satisfy a specified tolerance of accuracy in
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Fig. 5 Particle lag vs distance
behind shock as a function of
a) rp and b) R along axis of
hemisphere-cylinder.

velocity measurements for a given model scale, or vice versa.
For example, Fig. 5a shows the particle lag along the axis
behind the shock for a hemisphere-cylinder (R- 1.27 cm) at
Moo = 1.2 for pp = 0.8 g/cm3 and rp = 1.37, 1, 0.5, and 0.25 /*.
Thus, if the particle lag is allowed to occur only within (Z5 —
Z) =0.17? behind the shock with 3% allowable error in
velocity measurements, rp = 0.5 n is sufficient; if Z5-
Z=0.02/£ is required, then rp = Q.25 is necessary. On the
other hand, if the tracer particles are natural aerosol, as in the
present experiment with rp = 1.37 ft, then the required model
radius R would be approximately 7.42 cm in order to keep
particle lag to within (Z5 — Z) = 0.1/?, as shown in Fig. 5b.

Conclusions
1) The particle lag in a given flowfield is determined by the

particle radius, particle density, and model size. The particle
lag can be reduced by decreasing the radius or density of the
tracer particle or by increasing the size of the model. The
influence of particle radius on particle lag is more pronounced
than the influence of either particle density or model size.

2) It is important to realize that a model-scale effect
generally is present in velocity measurements using a laser
velocimenter unless the particle lag is everywhere negligibly
small.

3) The average property of tracer particles for a given flow
environment may be represented by an effective particle. A
procedure is described to determine the effective particle.

4) The time-dependent solution to Euler equations with
shock fitting can predict the velocity field for flow past a
hemisphere-cylinder at low supersonic Mach numbers. The
predicted shock location agrees with laser velocimeter
measurements. The velocity field predicted by the relaxation

solution to the full potential equation without shock fitting
agrees well with the solution to the Euler equations within the
shock layer for Mach numbers of 1.1,1.2, and 1.3. At a Mach
number of 0.85, the solution to the full potential equation can
predict the velocity field satisfactorily over a hemisphere-
cylinder before the flow separates.
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